The goal of this chapter is to review the importance of excitons to single-wall carbon nanotube (SWNT) optics. We have developed the presentation for both researchers in the SWNT field who want to learn more about the unusual aspects of SWNT exciton photophysics and researchers more knowledgeable about the physics of excitons, but not about SWNT physics. Excitons in SWNTs are special because graphite has two energy bands at the Fermi energy related to time-reversal symmetry and because SWNTs are actually one dimensional. This review discusses both theoretical and experimental points of view, thus aiming to provide a summary of the most important work in the field, as well as to identify open questions. 
INTRODUCTION
Single-wall carbon nanotubes (SWNTs) represent one of the best known materials for the study of exciton photophysics, both from a theoretical and experimental viewpoint. SWNTs are reasonably cheap and commonly available materials, so they are accessible to almost all experimental groups. They involve only carbon atoms, and hence theoretical calculations can be carried out using a relatively simple model Hamiltonian.
The one-dimensional (1D) aspect of SWNTs gives further simplification to the theoretical modeling, as well as a strong increase in the importance of excitonic effects. The optical transition energies in SWNTs sensitive to these excitonic effects have been studied in detail through fluorescence and Raman spectroscopy experiments (1-3). Although some aspects of the experiments can be interpreted within the context of a simple, noninteracting electron model (4, 5), it has become increasingly clear that electron-electron interactions also play an important role in determining the optical transition energies. Moreover, both theoretical calculations and experimental measurements show that the exciton binding energies are anomalously large in carbon nanotubes, corresponding to a substantial fraction of the band gap, thus indicating the importance of many-body effects in this quasi-1D system (6-10). Researchers have made rapid progress in this field, and this seems like an opportune time to review our present understanding of the magnitudes and dependencies of the exciton effects.
This review begins with an overview of the exciton physics (Section 2), briefly addressing the general properties of excitons, but also emphasizing the uniqueness of excitons in graphite and SWNTs. The unusual geometrical structure of sp 2 carbons to which these materials relate gives rise to two special points in the Brillouin zone (BZ) (namely K and K ), which are related by time-reversal symmetry (2), making these sp 2 carbon systems different from other nano systems, which also have large excitonic effects, but do not have similar symmetry constraints. Differences in symmetry are important and guide electronic-structure calculations and the interpretation of experiments. Therefore, an analysis of exciton symmetries in SWNTs is needed to understand in greater detail many aspects of their optical properties.
From a theoretical point of view, Ando (6) introduced early on the importance of excitons to SWNTs by studying the excitations of nanotubes within a static screened Hartree-Fock approximation. Later on, after experimental results started to show the importance of excitons, detailed first-principles calculations of the effects of manybody interactions on the optical properties were performed for nanotubes with very small diameter (d t ) (7, 8, 11, 12) , and some descriptions of excitons in nanotubes based on simpler or different models (13-16) were also developed. However, a systematic dependence of exciton effects (including wave function-related phenomena) on the nanotube diameter and chiral angle (presented in Section 3) has only recently been developed (17, 18), and these results are important for discussing the photophysical properties of SWNTs.
In Section 4, we present experimental evidence for excitons in SWNTs. The importance of many-body effects in the form of excitonic electron-hole attraction and Coulombic electron-electron repulsion in SWNTs was first brought into sharp focus S 11 ). We begin this section by discussing the historically important ratio problem, followed by more definitive experimental evidence for excitons coming from two-photon absorption and phonon side band experiments. This is followed by discussions of the exciton binding energy and the interesting p/d t scaling law for the various E ii levels. Finally we address the importance of dark excitons and present interesting results on electro-optical effects. We emphasize the interplay between experiment and theory in establishing the role of excitons in the photophysics of carbon nanotubes and in gaining an understanding of the observed phenomena. The review concludes in Section 5 with a summary and an outlook toward open issues.
OVERVIEW
An exciton consists of a photo-excited electron and a hole bound to each other by a Coulomb interaction in a semiconducting material. In many commonly occurring semiconductors (such as Si, Ge, and III-V compounds), we can calculate the binding energy of an exciton in three-dimensional materials by a hydrogenic model with a reduced effective mass and a dielectric constant, giving a binding energy on the order of ∼10 meV, with discrete levels below the single-particle excitation spectra. Thus optical absorption to exciton levels is usually observed only at low temperatures. However, in an SWNT, because of its 1D properties, the electron-hole attraction energy becomes larger and can be as large as 1 eV, so exciton effects can be observed at room temperature. Thus excitons are essential for explaining optical processes in SWNTs, such as optical absorption, photoluminescence (PL), and resonance Raman spectroscopy.
The Exciton Wave Vector
A single-particle picture of carriers is simple and easy to understand. In a semiconducting material, an electron can be excited from the valence to the conduction energy band, by gaining more than the band gap energy of the material. The energy difference E ii for an optical transition between i-th valence and i-th conduction bands on a one-electron picture is directly related to the excitation energy. An excitonic picture, however, cannot be represented by a single-particle model, and we cannot generally use the energy-dispersion relations directly to obtain the excitation energy for the exciton. If the electron and hole wave functions are localized in the same spatial region, the attractive Coulomb interaction between the electron and hole increases the binding energy, while the kinetic energy and the Coulomb repulsion between the electrons become large, too. Thus the optimum localized distance determines the exciton binding energy. metals. The repulsive Coulomb interaction between two electrons causes the wave vector k for an excited electron to no longer be a good quantum number.
Because the exciton wave function is localized in real space, the exciton wave function in k space is a linear combination of Bloch wave functions with different k states. Thus the definition of k c and k v may not be so clear. However, because the exciton wave function is localized in k space, as well, 1 we can define k c or k v as the central position of the corresponding wave functions in k space.
When we consider an optical transition in a crystal, we expect a vertical transition, k c = k v (Figure 1a) , where k c and k v are the wave vectors of the electron and hole, respectively. The wave vector of the center of mass for the exciton is defined by K = (k c − k v )/2, whereas the relative coordinate is defined by k = k c + k v , in which the hole (created by exciting an electron) has the opposite sign for its wave vector and effective mass as compared with the electron. The exciton has an energy dispersion as a function of K, which represents the translational motion of an exciton. Thus only the K = 0 exciton can recombine by emitting a photon. Correspondingly, a K = 0 exciton cannot recombine directly to emit a photon and therefore is a dark exciton. Recombination emission for K = 0 is, however, possible by a phonon-assisted process, which we call an indirect transition.
The Exciton Spin
When we discuss the interaction between an electron and a hole, the definition of the total spin for an exciton is a bit different from the conventional idea of two electrons in a molecule (or a crystal). A hole is a different particle from an electron, but, nevertheless, an exchange interaction between the electron and the hole exists, just like for two electrons in a hydrogen molecule.
Bright exciton: exciton that can be observed optically
When an electron absorbs a photon, an electron with spin ↑, for example, is excited to an excited state (Figure 1b) , leaving behind a hole at the energy level at which the electron with up-spin had previously been. This hole has not only a wave vector of −k and an effective mass of -m * (as mentioned in Section 2.1), but also is defined to be in a spin-down hole state. The exciton thus obtained (Figure 1b) is called a spin singlet, with S = 0, because the definition of S for the two-level model shown here is in terms of the two actual electrons present, 2 and in this sense the definition for the two actual electrons and the definition for the S = 0 exciton are identical. We note that Figure 1b does not represent an S = 0 eigenstate. To make an eigenstate, we must take the antisymmetric combination of the state shown in Figure 1b with an electron ↓ and hole ↑ (21). In contrast, a triplet exciton (S = 1) can be represented by two electrons, one in the ground state and the other in an excited state to give a total spin of S = 1 (Figure 1c) . 3 For the triplet state in Figure 1c , we define the hole to have a spin ↑, and the resulting state shown is an eigenstate (m s = 1) for S = 1. A triplet exciton cannot be recombined by emitting a photon because of the Pauli principle. We call such an exciton a dark exciton. 4 An exchange interaction between a hole and an electron works only for S = 0 (see Figure 1b) , and thus the S = 1 state in Figure  1c has a lower energy than the S = 0 state (see also Equation 2 in Section 3.1). For the more familiar case of just two electrons, the exchange interaction works for the S = 1 case, and therefore the S = 1 state lies lower in energy than the S = 0 state.
Uniqueness of the Exciton in Graphite and Single-Wall Carbon Nanotubes
The electronic structure of an SWNT and graphite is unique insofar as there are two inequivalent energy bands near the two hexagonal corners K and K of the BZ. We therefore distinguish the regions around K and K from one another and call them the two valleys of SWNTs and graphite. Although an optical transition occurs vertically in k space, we can consider the electron and the hole in the electron-hole pair to be either in the same valley, or an electron to be in one valley and a hole in the other valley. The latter pair can form an excitonic state, but it never recombines radiatively because the electron and hole do not exist in the same valley; we call such a state a dark exciton. In addition to the conventional bright exciton (an electronhole pair from the same valley that recombines radiatively 5 ), the coexistence of many different types of excitons is important for understanding the optical properties of SWNTs.
In resonance Raman spectra, PL, or Rayleigh scattering, we can observe a signal even from a single SWNT molecule. In a one-particle picture of optical processes, 2 The electric dipole transition does not change the total spin of the ground state, which is S = 0. 3 The reader should not be confused by having S = 1 for the triplet state because the two spin-up electrons are in different energy states. 4 A magnetic field could flip a spin and lead to the recombination of the triplet exciton. 5 Even within the same valley, one of the two possible exciton types is a dark exciton because of symmetry requirements (22, 23).
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VHS: van Hove singularity
Bethe-Salpeter equation: equation for solving for the exciton energy and wave function a strong enhancement of the optical intensities can be understood in terms of the 1D van Hove singularities (VHSs) in the joint density of states connecting the valence and conduction energy bands. In an excitonic picture, an exciton has an energy dispersion as a function of the center-of-mass wave vector, and we expect 1D VHSs in the excitonic density of states from the ground states, at which optical absorption becomes strong, and this occurs when the center-of-mass wave vector vanishes. The assignment of the excitation energy to an SWNT with (n, m) indices works well by interpreting the one-particle picture in terms of the exciton VHS position. This exciton-energy position can be modified by changing the surrounding materials by the use of substrates, solutions, or wrapping agents (environmental effects) in the space surrounding an SWNT or by electrochemical doping.
THEORY FOR EXCITONS IN CARBON NANOTUBES
Bethe-Salpeter Equation
Next we show how to calculate the exciton energy n and wave function n based on a solid-state physics approach (6, 7, 17, 24-28). Because the exciton wave function is localized in real space by a Coulomb interaction, the wave vector of an electron (k c ) or a hole (k v ) is not a good quantum number any more, and thus the exciton wave function n for the n-th exciton energy n is given by a linear combination of Bloch functions at many k c and k v wave vectors. We obtain the mixing of different wave vectors by the Coulomb interaction by the so-called Bethe-Salpeter equation:
where E(k c ) and E(k v ) are the quasi-electron and quasi-hole energies, respectively. Here quasi-particle means that we add a Coulomb interaction to the one-particle energy and that the particle has a finite lifetime. Equation 1 represents simultaneous equations for many k c and k v points.
Here n is the energy of the n-th excitation, and n (k c k v ) are the components of the excitonic wave functions. The mixing term of Equation 1, which we call the kernel,
with δ S = 1 for spin-singlet and 0 for spin-triplet states (see Section 2.2). The direct and exchange interaction kernels K d and K x are given by the following integrals (21):
where w and v are the screened and bare Coulomb potentials, respectively, and ψ is the quasi-particle eigenfunction as discussed below.
ETB: extended tight binding
The quasi-particle energies are the sum of the single-particle energy [ε(k)] and self-energy [ (k)]:
where (k) is expressed by
To obtain the kernel and self-energy, we obtain the single-particle Bloch wave function ψ k (r) and screening potential W by either a first-principles calculation (7) or an extended tight-binding (ETB) wave function and a random-phase-approximation calculation (17). In the random-phase approximation, the static screened Coulomb interaction is expressed by W = V/κε(q), with a static dielectric constant κ and the dielectric function ε(q) = 1 + v(q) (q). By calculating the polarization function (q) and Fourier transformation of the unscreened Coulomb potential v(q), we get information, which is sufficient for describing the exciton energy and wave function (6, 17). For 1D materials, the Ohno potential is commonly used for the unscreened Coulomb potential v for π -orbitals (13):
where U is the energy cost to place two electrons on a single site (|R us − R s | = 0) and is taken as U ≡ U πa πa πa πa = 11.3 eV for π-orbitals (13).
Exciton Energy Dispersion
For an electron-hole pair, we introduce wave vectors for the center-of-mass K and relative motion k:
The Bethe-Salpeter equation (Equation 1) is rewritten in terms of K and k. Because the Coulomb interaction is related to the relative coordinate of an electron and a hole, the center-of-mass motion K can be treated as a good quantum number. 6 Thus the exciton energy is given by an energy dispersion as a function of K.
In Figure 2 , we show the two-dimensional (2D) BZ of graphite and the cutting lines for a (6, 5) single-wall nanotube. Because optical transitions occur around the K or K points in the 2D BZ, we can expect four possible combinations of an electron and hole pair (Figure 2 ) (23). The excitons in an SWNT can then be classified according to their 2K value. If both the electron (k c ) and hole (k v ) are from the K (or K ) region, then 2K = k c − k v lies in the region, and the corresponding exciton is an A 1,2 symmetry exciton (23). If an electron is from the K region and a hole is The three inequivalent regions in the two-dimensional Brillouin zone (2D BZ) of graphite. The cutting lines (Section 3.1) for a (6, 5) single-wall carbon nanotube (SWNT) are shown. The electron-hole pairs [at a solid circle near K (or K )] and the corresponding center-of-mass momentum 2K = k c − k v (solid circle at ) for an A 1,2 exciton of the (6, 5) SWNT are indicated. The electron-hole pair with the electron and hole lying on the second and first cutting lines to the K point and the electron-hole pair with the electron and hole lying on the first and second cutting lines to the K point correspond to an E 12 exciton with the center-of-mass momentum 2K (dotted circle near the point) on the first cutting line to the point (17).
from the K region, their 2K lies in the K region, and this exciton is an E symmetry exciton. If an electron is from the K region and a hole is from the K region, their 2K lies in the K region, and this exciton is an E * symmetry exciton. For A-symmetry excitons, the electron-hole pair |k c , k v = |k, K with the electron and hole from the K region, and |−k v , −k c = |−k, K with the electron and hole from the K region having the same magnitude for K. Thus we can recombine these two electron-hole pairs to get
Here |k, +, K and |k, −, K are antisymmetric (A 2 ) and symmetric (A 1 ), respectively, under the C 2 rotation around the axis perpendicular to the nanotube axis (22).
Exciton Wave Functions
In this section we discuss mainly the calculated results on bright excitons reported by Jiang et al. (17) . In Figure 3 , we plot the energy dispersion of E ii (A j ) (i = 1, 2, j = 1, 2) excitons with spin S = 0, 1 for a (6, 5) SWNT, where E ii denotes the energy separation of the i-th valence band to the i-th conduction band. We use the same notation of E ii for the exciton (29), too, for simplicity. The exciton with the largest energy dispersion shows a parabolic energy-dispersion relation, which reflects the free particle of an exciton with a mass. For A 1 excitons, S = 0 and S = 1 are degenerate because the exchange interaction vanishes by symmetry. Figure 3d gives the excitation energy levels for K = 0 E 11 (A ν ) states. For spin S = 0 states, The excitation energy dispersions for (a) E 11 (A 2 ) (S = 0) and E 22 (A 2 ) (S = 0), (b) E 11 (A 1 ) (S = 0, 1) and E 22 (A 1 ) (S = 0, 1), and (c) E 11 (A 2 ) (S = 1) and E 22 (A 2 ) (S = 1) excitons for a (6, 5) single-wall carbon nanotube (SWNT). The excitation energy levels forK = 0 excitons are also shown in d (17).
2 ) has a somewhat larger energy than E 11 (A 0 1 ). This means that the bright A 2 exciton is not the lowest energy state, in agreement with the work of others (30). The Coulomb energy K d (k , −k; ±, K), which is the energy for an intervalley scattering process, thus has a one order of magnitude smaller energy than the corresponding energy for an intravalley scattering process, K d (k , k; ±, K). Therefore, the energy difference between E 11 (A The localized exciton wave function is constructed by mixing many k states in which the mixing coefficients are determined by the Bethe-Salpeter equation (Equation 1). We show above that the envelope functions for the three wave functions given in Figure 4 can be fitted to a Gaussian [e −Cz 2 , ze Cz 2 , and (Az 2 − B)e Cz 2 ], respectively. The mixing coefficients (Fourier transformation) are also localized in k space around one-particle k points for a given E ii , and this localization is described by a wave function full-width at half-maximum magnitude k .
In Figure 5 , we plot k in the 1D k space for the bright exciton states, E 11 (A 0 2 ) and E 22 (A 0 2 ), and for all SWNTs with diameter (d t ) in the range of 0.5 mn < d t < 1.6 nm. In the figure, we also plot the cutting line spacing 2/d t by the solid line. An important message here is that k is smaller than 2/d t for all SWNTs. This result indicates that one cutting line is sufficient to describe individual E ii (A) states. Consequently, the calculation for the Bethe-Salpeter equation is reduced significantly for the case of carbon nanotubes. For the higher energy states-E ii (A ν 2 ) states with ν = 1, 2, · · · -the k values are smaller than that for E ii (A 0 2 ) because the wave functions for E ii (A ν 2 ) are more delocalized in real space. Generally, the i-th cutting line is sufficient to describe E ii (A), E ii (E), and E ii (E * ) states, 7 and the i-th and (i + 1)-th cutting lines are sufficient to describe E ii+1 (A) and E i+1i (A) states. Because metallic SWNTs (M-SWNTs) have smaller k than semiconducting SWNTs (S-SWNTs), the above conclusion is also valid for M-SWNTs.
The assumption that we consider only one cutting line is valid so long as the range of the Coulomb interaction is larger than the diameter d t of an SWNT. For a typical diameter of an SWNT (0.5 < d t < 2 nm), the Coulomb interaction is sufficiently strong for all carbon atoms along the circumferential direction, so the wave function for the E ii exciton becomes constant around the circumferential direction, which is the reason why we need only one cutting line. When the diameter is sufficiently large compared with the range of the Coulomb interaction (more than 5 nm), the exciton wave function is no longer constant around the circumferential direction (2D exciton), and then we need to use higher-oscillation components from neighboring cutting lines.
Importantly, for the wave function for the E ii+1 (E) exciton, which is excited by perpendicularly polarized light, we must consider two cutting lines (i and i + 1) (see Figure 2) because of the dipole-selection rule. In fact, the calculated exciton has an anisotropy around the circumferential direction in the sense that the electron and hole exist with respect to each other at opposite sides of the nanotube. Uryu and Ando have pointed out that the induced depolarization field (31, 32) cancels the optical field, resulting in a significant upshift of the energy position of E ii+1 (E) relative to the E ii (A) exciton (31, 32). This upshift in energy has been observed in PL experiments (28, 33).
Family Patterns in Exciton Photophysics
Resonance Raman spectroscopy (3) shows that, when the optical transition energies E ii are plotted against tube diameter, they exhibit patterns related to 2n + m = constant (see Section 4.5). The family patterns are also observed in 2D PL plots (34) . The reason why we get family patterns is that (n, m) SWNTs within the same 2n + m = constant family have diameters similar to one another, and E ii values are generally inversely proportional to the diameter. The small change of the E ii values within the same family is a result of the trigonal warping effect of the electronic dispersion around the K point (29). The trigonal warping effect gives the chirality dependence for both the one-particle energy position at a van Hove singular k point and the corresponding effective mass. The change of the effective mass for the various SWNTs belonging to the same (2n + n) family is important for determining the exciton binding energy and self-energy for each SWNT.
The energy spread in a family becomes large as the diameter decreases and becomes less than 1 nm. In this case, the simple tight-binding calculation, in which we consider only π-electrons, is not sufficient to reproduce the energy positions. To address this problem, the ETB calculation has been developed (5), in which the curvature effect is taken into account by the mixing of the π -orbitals with the σ and 2s orbitals of carbon. When we then add the density-functional form of the many-body effect to the ETB results, we can reproduce nicely the experimental results for the dependence of the E ii on diameter and chiral angle (4).
In Figure 6 we plot the exciton Kataura plot for the E (29), where mod is a modulus function of an integer. The E ii values are the sum of the ETB one-particle energy, the self-energy , and the exciton binding energy E bd . A large family spread appears in Figure 6 , which is consistent with both calculations (4, 5) and experiments (3, 34). In Figure 7 , we plot separately each contribution to the ETB excitation energy E 11 , the self-energy of the quasi-particle, and the exciton binding energy E bd . We also plot − E bd in the same figure. Although both and E bd tend to increase the family spread, the two values almost cancel each other regarding the family spread, leading to a weak chirality dependence, showing that the net-energy correction ( -E bd ) to the single-particle energy depends predominantly on the SWNT diameter. Thus we conclude that the large family spread observed in E 11 originates from the trigonal warping effect (29) in the single-particle spectra. The logarithmic correction owing to the effect of the Coulomb interaction on the dispersion of 2D graphite is not canceled by the exciton binding energy and leads to a logarithmic energy correction E log given by (4, 19)
In Figure 7 , we plot E log with p = 1 as a dashed line, thus showing that our energy correction − E bd follows this logarithmic behavior well. This good agreement for − E bd explains why the previous treatment of the ETB model (5, 55) works so well and how it includes many-body effects.
EXPERIMENTAL EVIDENCE FOR EXCITONS IN CARBON NANOTUBES
As discussed in Section 1, the so-called ratio problem first brought into sharp focus experimentally the importance of many-body effects in SWNTs (1, 19) . Section 4.1 presents the physics behind this problem, representing the first evidence in which electron-electron and electron-hole interactions explained an experimental observation in SWNTs. Subsequently, reported experiments gave definitive evidence for the need for excitonic effects to explain the photophysics observations. The two-photon absorption experiments gave experimental evidence for the presence of excited exciton states (Section 4.2). The lineshape analysis of the PL side bands further proved the existence of exciton-phonon complexes (Section 4.3). The exciton binding energy (E b ) was extracted from different experiments, showing a diameter dependence as predicted by theory (Section 4.4). Although the excitonic picture seems clear for the first two optical levels in S-SWNTs, understanding of the many-body effects for the higher-lying levels (E 
Exciton Energies and the Ratio Problem
In Figures 8a,b , we show the calculated ratio E S 22 /E S 11 as a function of 1/d t for bright excitons with and without the Coulomb interaction, respectively. As seen in Figure 8 , the E S 22 /E S 11 ratios for individual tubes depend on chiral angle and tube type (Figure 7) . If we extrapolate the averaged value of E S 22 /E S 11 for each family to 1/d t → 0 for very large tube diameter, 8 we can see a clear difference between (a) 1.8 and (b) 2. If we do not consider the Coulomb interaction, the extrapolated value should be 2 (Figure 8a) . However, the experimental results (34) always show a smaller value around 1.8. This difference is called the ratio problem (19). The ratio problem was the experimental evidence that led to a strong consideration of many-body effects (7, 8, 11, 12, 17, 19, 28, 35).
In the one-particle picture, the E ii values are expected to exhibit a simple diameter dependence when plotted as a function of p/d t , where p = 1, 2, 3, 4, and 5 for E is given by E = ±hvk (where v is the electron velocity). Quantization of the wave vector restricts the allowed wave vectors measured from the K point to k = 2 p/3d t . As a first approximation, the optical transition energies in carbon nanotubes are given by (29)
Thus we expect the ratio E S 22 /E S 11 ( p = 2 and 1 for E S 22 and E S 11 , respectively) to be equal to 2 in the limit of d t → ∞. For a finite diameter, we expect the E ii values to exhibit a dependence on chiral angle θ (ranging from 0 to 30
• ) because of the trigonal warping effect (29). The trigonal warping effect is zero for armchair tubes (θ = 30
• ), is a maximum for zigzag tubes (θ = 0), and is given approximately by β p cos 3θ/d 2 t for chiral tubes.
Although the E S 22 /E S 11 ratio problem was observed by optical-absorption experiments (36), it was not until it was reported in the PL spectra for isolated SWNTs in 2002 (34, 37) that the scientific community started systematic work on this problem. In the PL experiment (34), the SWNT sample was excited at E S 22 , and the emission from the E S 11 level was recorded. This ratio problem was explained by considering many-body effects (19). The electron-electron repulsion causes a blue shift and the electron-hole excitonic attraction causes a red shift in the electronic transition energies (7, 19). The net energy change is a blue shift for both the E S 11 and E S 22 levels, which makes the d t → ∞ limit of the E S 22 /E S 11 ratio decrease from 2 to 1.8.
PLE: photoluminescence excitation
Measurement of Excited Exciton States
Further experimental evidence for the excitonic nature of the optical transition in carbon nanotubes came from measurements of excited excitonic states (37a), with the most striking experimental result from nonlinear two-photon absorption experiments by using very high-power laser pulses (9, 10). In this experiment, SWNTs are excited in a two-photon absorption process at energies (E laser ) somewhat above half the first optical transition energy for S-SWNTs (E laser ≥ E S 11 /2), and subsequent light emission is observed around E S 11 . If the optically induced transitions E S 11 were related to free electron-hole pairs making band-to-band transitions, then the absorption of the two photons would occur at exactly E laser = E S 11 /2 (see Figure 9a) . However, if the E S 11 optical level were related to the creation of an exciton, then the energy for the absorption of two photons would be observed at an excited exciton state with an energy higher than E S 11 . Such a difference in energy between the absorption and emission processes was observed experimentally (see Figure 9a) , thus giving strong support for the exciton model.
However, group theory (23) does not predict the selection rules cited in reports on these two recent photon experiments (9, 10), and the explanation of the results obtained in two-photon excitation experiments does not rely on symmetry selection rules (23). The explanation for the observed excitonic behavior rather comes from the optical-absorption oscillator strength (10), which in the case of two-photon absorption, is very small for the lowest-energy bright exciton state (see calculated results in Figure 9b ). For instance, we can understand the bright exciton expected for odd ν states in chiral tubes as a product between an odd Bloch function and an odd envelope function. Therefore, we nevertheless expect a very low oscillation strength for these A 1 symmetry excitons, although being formally bright, because an odd envelope function should give a very low probability of finding an electron and a hole at the same spatial position, available for recombination.
Theory was used to predict the results obtained by the two-photon absorption experiment. The calculated values for the exciton binding energy (18) were found to account well for the experimental observations once the environmental conditions relevant to each of the different experiments were taken into account (17).
The Exciton-Phonon Side Bands
Another strong indication that the optical properties of carbon nanotubes are excitonic rather than having one-electron band-like wave functions comes from the experimental observation of exciton-phonon complexes (20, 37-39), demonstrating both the existence of excitons and the central role played by phonons in describing the excitation and recombination mechanisms in carbon nanotubes. the recombination process is observed at the same band edge energy (labeled by E 1s 11 in Figure 10a) . The resonances for which the excitation and emission energies are the same (E S 11 ) appear as a 45
• line at the lower right corner of the PLE map in Figure 10b . The absorption profile is obtained by performing a vertical cut in the PLE map of Figure 10a at energies that correspond to the emission of a given nanotube. Figure 10b shows the plot of such a profile for the (8, 3) SWNT. Well-resolved resonances, approximately 200 meV above each E 11 (A 2 ) feature, can also be observed in the PLE map and could be related to a resonance Raman process in which the incoming photon has an energyhω in =hω out +hω G , where ω G is the frequency of the G-band phonon. This possibility is ruled out owing to both the asymmetric lineshapes of the PLE profile in Figure 10b and the small upshift of the frequency of the phonon side peak relative tohω G .
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Furthermore, a G-band Raman process obtained by taking a horizontal cut in the PLE map would be expected to have a much narrower Lorentzian lineshape, and its resonance profile would not have a broad lineshape elongated toward the high-energy side as observed in the experimental trace in Figure 10b . Perebeinos et al. (14) therefore proposed that the observed side band should be assigned to a resonance identified with the absorption of light to a bound exciton-phonon state. The main contribution to the exciton-phonon bound state observed in Figure 10b is attributed to the longitudinal optical phonon at the K and points of the graphene BZ (14). In such a situation, a significant fraction of the spectral weight should be transferred from the exciton peak to the exciton-phonon complex, and this transferred spectral weight is predicted to have a diameter dependence. A clear trend is observed experimentally (20), showing that larger diameter tubes have a lower spectral weight transfer than smaller diameter tubes, as predicted theoretically, although some (n, m) chirality dependence is also observed (14).
Exciton Binding Energy
A key issue in exciton physics generally is the determination of the magnitude of the exciton binding energy for the various E ii excitonic states. This has been a difficult task in carbon nanotubes because the onset of the continuum for a given exciton (such as the E S 11 or E S 22 excitons) has not directly been observed on an experimental basis.
9
Much of our present knowledge of the exciton binding energy has been extracted from nonlinear two-photon absorption experiments that have been carried out using 130-fs (9) and 150-fs (10) laser pulses for creating the two-photon excited state. In those experiments, researchers measured the energy difference between the ground state and the lowest-energy bright exciton of the E S 11 levels, and used the results to calibrate the dielectric constant of the environment based on a first-principles theory (10). Next, from theory and a lineshape analysis of the experimental data, they determined the exciton binding energies E b for different (n, m) SWNTs. The authors get results consistent with each other, roughly given by E b = 0.3/d t in electron volts. This result is in agreement with theory using a dielectric constant of κ = 2.22 (17). Here E b denotes the experimentally determined binding energy in which environmental effects must be considered in contrast to the theoretical binding energy E bd discussed in Section 3 in which no environmental effects enter.
Two-color pump-probe studies using 50-fs pulses provided a direct measurement of the binding energy of the E 11 exciton by initial excitation at a transition energy of either E 
Figure 11
Schematic description of the electronic structure of the (8, 3) single-wall carbon nanotube (SWNT) and the excitonic relaxation pathways obtained from fast-optics experiments (40) . Here E g and E i represent the ground state and the i-th excited states (E ii in the notation of the present review), respectively, whereas E eh denotes the band edge for the electron-hole continuum. The downward arrows depict the relaxation pathways with corresponding relaxation rates as labeled schematically, and the upward arrow denotes the process of populating a higher exciton state as the result of exciton-exciton annihilation in an Auger process.
high-power pulse excitation, a high density of E S 11 excitonic states is achieved in the fast-optics experiment (40) , independent of whether the initial excitation is at E S
or E S
.
The decay of these E S 11 excitonic states involves predominantly the bimolecular exciton-exciton annihilation of two E S 11 excitons through an Auger process by which higher energy states, such as E n , are accessed (see Figure 11) . These higher energy states soon decay nonradiatively either to the E 11 bright exciton state denoted by E 1 , or alternatively to E eh , in Figure 11 , which is identified with the lowest continuum state for the E 11 transition. The crucial point about this experiment is the finding that excitations at both E 11 and E 22 lead, through the processes discussed above, to a well-resolved feature in the induced transient absorption spectrum at the E eh energy measured experimentally to be 730 nm (1.70 eV). The energy difference between E eh and E 11 is thus measured directly to be 0.40 eV, and this energy is identified with the binding energy of the E 11 exciton for the (8, 3) tube. This result for the (8, 3) SWNT is in good agreement with experimental measurements on the (8, 3) SWNT using the two-photon absorption technique of 0. Finally, values for the exciton binding energy have been reported for E S 22 through combined resonance Raman and electrochemistry doping experiments for the two (n, m) SWNTs (42) . By applying a voltage, the authors change the Fermi level, and the RBM signal is observed to disappear when filling the conduction band, or removing electrons from the valence band. By comparing the excitonic energy with the www.annualreviews.org • Exciton Photophysics of Carbon Nanotubesenergy necessary to fill/empty the band levels, the authors extract the binding energy. Importantly, theory predicts different binding energies for the bright E 22 exciton as compared with the E 11 bright exciton owing to changes in the effective mass and screening effects for these bright excitons. Few measurements are so far available for the binding energy for E S 22 excitons, and theoretical estimates for the (7, 5) and (10, 3) tubes yield E b values of 0.55 eV using κ = 2.56 for the dielectric constant (18).
The Diameter-Dependent Scaling Law for E S ii and Metallic Carbon Nanotubes
Resonance Raman spectroscopy, performed with a quasi-continuous set of excitation laser lines (E laser ), was used to build a 2D plot (Raman intensity as a function of E laser and ω RBM ), as shown in Figure 12 (3, [43] [44] [45] . In this figure, a Raman peak appears at a given ω RBM whenever the laser energy is equal to the optical transition energy (i.e., when the resonance condition is best established for a given carbon nanotube in the sample) (3). From each peak in the experimental plot (Figure 12) , we can extract the (E ii , d t ) for each resonant SWNT. Using the relation d t = a C−C 3(n 2 + mn + m 2 )/π , where a C−C = 0.142 nm is the carbon-carbon distance (24), we can obtain ω RBM from the relation between ω RBM and the tube diameter, ω RBM = A/d t + B, with A = 218 cm −1 nm and B = 16 cm −1 (43) . The results thus obtained for ω RBM and E ii are in good agreement with most prior work, including resonance Raman spectroscopy (3, 44, 45) and PL measurements (34) . Rayleigh scattering has also been used to measure E and E S 22 transitions, implying possible differences in the many-body effects for the higher-and lower-lying transitions. These differences do not seem to be captured by the solidstate physics model (see Section 3 and Reference 7), in which the exciton binding energy increases for the third level. These differences can, however, be explained by quantum chemistry-based calculations (43) that show rather delocalized or even unbound excitonic states for the E 33 level. Another interesting result comes from the www.annualreviews.org • Exciton Photophysics of Carbon Nanotubeselectronic transition energies from metallic tubes. Metallic materials are expected to exhibit different many-body effects when compared with semiconducting materials because of the screening by free electrons in metals. Usually metallic systems do not exhibit real excitons, but rather excitonic resonances, because they can always decay into the continuum of states. The observation of excitons in metallic carbon nanotubes has been explained as an interesting symmetry-related effect (7). The possibility for a symmetry-based explanation for the observation of the two different scaling laws observed in Figure 13 (43) has to be addressed theoretically and experimentally. The single scaling law for the E S 11 , E S 22 , and E M 11 nanotube excitonic levels (4, 43) is an interesting phenomena of 1D systems, probably owing to the near cancellation of the repulsive electron-electron by the attractive electron-hole interactions (7, 19).
OUTLOOK
In summary, we review the excitonic properties of carbon nanotubes. The large binding energy of an exciton in SWNTs allows the observation of many exotic excitonic phenomena at room temperature. The unique electronic structure of carbon nanotubes gives rise to four different symmetries for excitons in SWNTs: A 1 , A 2 , E, and E * , in which only the A 2 symmetry exciton with S = 0 is a bright (light-emitting) exciton. The exciton binding energy and the self-energy correction term to the oneparticle energy are calculated by the Bethe-Salpeter equation. The calculated results show that (a) the self-energy is larger than the exciton binding energy, (b) the exciton wave function is localized along only one cutting line in k space, (c) a dark exciton is the lowest energy state below the lowest bright exciton, and (d ) the family-related spread in the electron-hole attractive energy and electron-electron self-energy almost cancel each other. Thus the family behavior is understood on the basis of one-electron-based models. The excited-exciton-state wave functions have odd symmetry with regard to the direction of the nanotube axis, which we can observe by a two-photon absorption experiment. The exciton binding energy has been recently measured by fast-optics methods. The existence of the lowest-energy dark exciton and its physical properties are now being investigated by the temperature and magnetic-field dependence of the observed PL features (48) (49) (50) (51) (52) (53) .
Although there have been many investigations of the exciton states in SWNTs, there are still many issues that require further experimental and theoretical investigation. The exciton-phonon interaction still needs to be investigated using exciton wave functions to determine the relaxation rates and the spectral intensities for the various phonons of importance. Exciton formation and dissociation will likely be observed by several other experimental techniques, and theoretical understanding of these experiments will then be necessary. The dynamics and decay of the various excitonic states and the transformations between dark and bright excitons remain key issues for understanding the low PL quantum efficiency of the excitonic states observed in real SWNT systems, and here careful experiments on freely suspended tubes (54) will show the role of environmental effects in quenching the PL emission for tubes interacting with substrates. Such studies are likely to launch systematic studies of environmental effects of the substrates, wrapping agents, and solvation on the various photophysical techniques in current use. The use of perturbation techniques to transform dark to bright excitons will enhance the exciton intensity significantly.
More generally, the use of symmetry-breaking perturbations (such as uniaxial stress, doping, and magnetic fields) is an important research direction for gaining a better understanding of nanotube optics. Comparison between scanning tunneling spectroscopy and PL emission will give valuable information regarding the difference between the one-particle picture and the pseudoparticle models. The study of excitons in metallic nanotubes and in higher E ii states remains an interesting and open research area, both in understanding environmental effects and in comparison with the excitonic behavior of semiconducting nanotubes or of lower-energy E ii states. 1D diffusive motion of excitons and exciton-polariton physics are likely to become active topics of future study. Furthermore, we expect 1D exciton studies to become more important in the future, especially as more 1D systems in the form of nanowires and nanotubes are developed. Carbon nanotube photophysics has already profited significantly from the knowledge about excitonic effects coming from π -conjugated polymers, and the merging of chemistry and physics would also be expected to affect the development of other 1D systems. Thus we can expect the basic science of excitons in nanotubes to attract increasing interest as an important prototype system for studying 1D excitons in the future.
SUMMARY POINTS
1. Strong exciton effects can be observed at room temperature because of the 1D nature of SWNTs.
2. The Bethe-Salpeter equation based on the ETB model provides a good description for the excitonic behavior of SWNTs.
3. (2n + m) family behavior plays a major role in the photophysics of smalldiameter SWNTs. 
